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Abstract. I provide a prescription to define space, at a 
given moment, for an arbitrary observer in an arbitrary 
(sufficiently regular) curved spacetime. This prescription, 
based on synchronicity (simultaneity) arguments, defines 
a foliation of spacetime, which corresponds to a family of 
canonically associated observers. It provides also a nat- 
ural global reference frame (with space and time coor- 
dinates) for the observer, in spacetime (or rather in the 
part of it which is causally connected to him), which re- 
mains Minkowskian along his world-line. This definition 
intends to provide a basis for the problem of quantization 
in curved spacetime, and/or for non inertial observers. 

Application to Minkowski spacetime illustrates clearly 
the fact that different observers see different spaces. It 
allows, for instance, to define space everywhere with- 
out ambiguity, for the Langevin observer (involved in 
the Langevin pseudoparadox of twins). Applied to the 
Rindler observer (with uniform acceleration) it leads to 
the Rindler coordinates, whose choice is so justified with 
a physical basis. This leads to an interpretation of the 
Unruh effect, as due to the observer dependence of the 
definition of space (and time). 

This prescription is also applied in cosmology, for in- 
ertial observers in the Friedmann-Lemaitre models: space 
for the observer appears to differ from the hypersurfaces of 
homogeneity, which do not obey the simultaneity require- 
ment. I work out two examples: the Einstein - de Sit- 
ter model, in which space, for an inertial observer, is not 
flat nor homogeneous, and the de Sitter case. 

1. Introduction 

General relativity and relativistic cosmology consider 
spacetime as the arena for physics and it is an old question 
to define space and time. These notions are not covariant 
and all problems of general relativity and cosmology can 
be addressed without them, so that they may appear as 
rather academic (this is equivalent to the choice of a global 
reference frame). However, on the one hand, the litera- 
ture refers often to space, for instance when it is affirmed 
that space is flat (or not), or homogeneous (or not) in a 
given cosmological model. On the other hand, quantum 



physics, or its interpretation, requires most often a split- 
ting of spacetime into space and time. This points out the 
necessity of a convenient deflnition of space in spacetime, 
or quivalently, the choice of a convenient reference frame. 
The simple example of two inertial observers in Minkowski 
spacetime, with different velocities, shows that such a def- 
inition must be observer-dependent. 

An observer needs a frame to do physics in his environ- 
ment. Although space is defined locally without ambigu- 
ity (by orthogonality to his worldline, i.e., to his velocity 
u), there are many different ways to extend this defini- 
tion, i.e., to choose a frame beyond a neighborhood. Since 
many experiments (e.g., synchronisation procedures) in- 
volve the observer at different moments of his history, a 
global frame is constrained to have convenient properties 
along his world line O, or at least a part of it (like be- 
ing Minkowskian there). But, again, this is far from being 
sufficient to determine the choice. This paper provides a 
prescription which associates to any observer, defined by 
his world line, a unique reference frame with special prop- 
erties. 

A reference frame involves, as a first step, a family of 
spatial hypersurfaces orthogonal to O, which can be cho- 
sen in many different ways. Among popular prescriptions, 
the Fermi coordinates require the hypersurfaces to be gen- 
erated by the spacelike geodesies orthogonal to O. But, as 
it is well known, these spatial surfaces may intersect, even 
in simple situations like for the Langevin observer (see 
below) . This forbids a definition of time valid far from O 
(different values of time would be associated to the same 
event). In cosmology, another popular choice is to select 
the orthogonal spatial hypersurfaces of homogeneity. But 
such hypersurfaces do not exist in all spacetimes, and the 
choice is clearly not convenient when the observer himself 
breaks the spatial symmetries (by his acceleration or rota- 
tion for instance). The prescription proposed here does not 
suffer from these drawbacks. In addition, it is the only one 
to obey the " simultaneity criterion " , absent in all other 
prescriptions (excepted in the immediate neighborhood of 
O) : the different points of "space" are seen as simulta- 
neous (see below for a pecise definition) by the observer. 
Moreover, it has the additional advantage to depend only 
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on the conformal structure of the metric (except for the 
proper time of the observer), and its vahdity is broader 
than those mentioned above (for instance, in the absence 
of spatial homogeneity). 

This prescription has in fact already been applied de 
facto in some circumstances, like the Rindler coordinates. 
But its validity is much more general, without too restric- 
tive conditions: for any observer (inertial or not), in any 
spacetime (with some conditions, see below), it defines 
uniquely a " simultaneity space " (shortly, space) E,- at 
any moment r. The S,- do not intersect (even in the situ- 
ations where the Fermi hypersurfaces do, like for instance 
for the Langevin observer, see below), and they are de- 
fined even in the absence of spatial homogneity. This al- 
lows to extend the validity of the observer's proper time to 
the whole spacetime. In the Friedmann-Lemaitre models, 
space so defined does not coincide with the intuitive idea 
of what space could be. 

Numerous attempts to define a quantization procedure 
in curved spacetime, and/or for non inertial observers (see, 
e.g., Birrel and Davis, 1982), involve, more or less explic- 
itly, a space-time splitting of spacetime. This is especially 
important for giving a physical interpretation of quantum 
states in terms of frequencies or particles. For instance, 
I show below that the current interpretation of the Un- 
ruh effect, based on the Rindler coordinates, correspond 
in fact to the prescription promoted here. 

I emphasize that all quantities introduced in this work 
are covariant. This includes all the observer dependent 
quantities like his velocity, acceleration, world-line and 
the special reference frame introduced here. An observable 
quantity (e.g., the energy) is a combination of a covariant 
quantity associated to the observer (e.g., its velocity u) 
with a covariant quantity associated to the observed sys- 
tem (e.g., its momentum-energy tensor). The definition 
of a global frame associated to an observer may allow to 
define properly non local quantities related to him. 

Since the goal of this work is to construct a refer- 
ence frame for an observer in cosmological situation, one 
only requires its validity in the part of spacetime which 
is causally related to him: all events considered here are 
causally linked to the observer. Throughout this paper, by 
an abuse of langage, I will call " spacetime " the set M, of 
events inside the particle horizon and the event horizon of 
the observer, if they exist. This first restriction applies to 
any construction of a global reference frame. Second, the 
synchronicity arguments require that null geodesies admit 
no conjugate points. This excludes the presence of gravita- 
tional lensing (also incompatible with the other prescrip- 
tions). Since this analysis concerns an observer in a cos- 
mological situation (convenient for quantization), or for 
studying the perturbative development of irregularities, 
this condition is not too restrictive (I emphasize again, 
that the validity of this approach is broader than for con- 
current proposals). 



In Section 2, I will implement the definition of simul- 
taneity space, and the related notions. I show how they 
allow to define a global frame convenient to the observer, 
and a congruence of associated observers. Section 3 ap- 
plies these results to the inertial and Langevin observers in 
Minkowski spacetime. Section 4 considers the Rindler ob- 
server in Minkowski spacetime, and the associated Unruh 
effect. Section 5 considers the Friedmann-Lemaitre cosmo- 
logical models. 

2. A global reference frame for observers 

2.1. The accelerated Observer 

The most general observer is defined as a timelike world 
line 0(t) parametrized by proper time r. This defines its 
velocity u{t) and its acceleration ai^r) := VrU everywhere 
on his world-line. I call a the unit vector parallel (and in 
the same direction) to the acceleration: 

a:= — =a \a\ . (1) 

Herereafter I consider only non rotating observers for 
which VrO :— VrGi =1 a I u (all the procedure here 
applies to the case with rotation, which will be considered 
in a subsequent paper). Transport along the world line 
corresponds to a Lorentz rotation (in the plane u, a). 

Defining eoir) = u(t) and ei(T) = a^r), the transport 
is expressed by 

VreA = i^.eA (A =1,2), (2) 

where (il.y)^ :— a'^ w"' V^ for the observer without (spa- 
tial) rotation. 

We can associate naturally two different orthonormal 
frames to the non rotating observer, along his world line. 
First, there is a parallely transported frame E but, for 
a non inertial observer, no vector of this frame coincides 
with the velocity. Second, there is a Fermi-transported 
frame / such that /o := u. Since there is no spatial rota- 
tion, fi = a/ \ a \ and the law VtCa — ^.e-A is verified for 
A = 0,1, 2, 3. 

For non rotating observers, the spatial sections (or 
spaces) keep axial symmetry around the unique spatial 
direction defined by the acceleration vector. For inertial 
observers (mainly considered in this paper, except in 3.1 
andlJ), the problem is purely 2-dimensional, with spatial 
spherical symmetry. The general (4-dimensional) case, in- 
cluding the rotating observer will be examined in a subse- 
quent paper (most of the calculations presented here will 
remain valid). 

2.2. Definition of space 

A given spacetime admits, in general, many time-like foli- 
ations with associated space- like sections, compatible with 
the world-line of a given observer O. I will show that the 
requirement of synchronicity allows to select a unique one, 
and thus provides a special global definition of space. This 
will require to consider the whole story of the observer. 
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including his future. In the following, I will assume that 
the causal structure of spacetime admits only light cones 
without foldings and conjugate points. These restrictions 
are however appropriate for cosmology, and characterize 
a background spacetime convenient for quantization. This 
excludes also multi-connected spacetimes. In the whole 
paper, I denote v the one-form metric-dual to a vector w, 
i.e., such that < v,v >= g(v, v) :=| v p. 

It is well known that it is impossible to define abso- 
lute simultaneity in special or general relativity. However, 
a local prescription of simultaneity or, better, synchronic- 
ity, from the point of view of an observer is widely used 
(see, e.g.. Landau and Lifshitz, 1966), and defines a local 
space-time splitting for this observer. The construction of 
space in this work is based to the extension of this pre- 
scription beyond a local neighborhood, with arguments of 
synchronicity which have a perfectly operational charac- 
ter. 

Given an observer O, I define S,-, the hypersurface of 
synchronicity (HS) of O at proper time r, as the set of 
events related by a null geodesies to both 0{t + 6) and 
0{t — S), where S is an arbitrary interval of proper time 
for O: 

Y.r = U,- [//«*«'-«(t -5)r\ JP^'^T + S)], (3) 

where IP'^'^*'(t) [resp. //"*"'"'= (r)] denotes the null past [fu- 
ture] light-cone of the observer at proper time t. 

Given the restrictions above, the surfaces E,- for differ- 
ent values of r completely fill AA,. This allows to extend 
the vector field u to the totality oi M, by requiring that 
it is everywhere unit {u.u — 1) and orthogonal to S(t) 
(Fig.|l|). The vector field u constitutes a foliation of Mi, 
with the E-r as transverse (orthogonal) surfaces. Each in- 
tegral line of u will be labelled by its intersection R with 
E(l) (for instance), so that any point oiM, can be written 
(r, R). Practically, i? :=| R | (evaluated in the spacelike 
surface E,-, see below) can be seen as half the interval of 
proper time between the emission of a flash light which 
illuminates a cosmic object at x, and the observation of 
the resulting image; or, equivalently, as half the interval of 
proper time between the emission of a light ray (or radar 
signal) by an observer, and its reception after mirror reflec- 
tion by the object at x. The requirement of synchronicity 
imposes that " the space for 0{t) " is Et-. 

Smarr and York (1978), among others, have considered 
space - time slicing of spacetime associated to a congru- 
ence of observers, what they call a kinematics of space- 
time. The foliation introduced here is of this kind, asso- 
ciated with the congruence of " associated observers ". 
However, since the latter are defined from the world line 
of the unique observer O, this procedure defines an unique 
space - time slicing, from the world line of this unique ob- 
server only. In a forhtcoming paper, the properties of this 
" kinematics " will be discussed in more detail, and com- 
pared with other possibilities. 

The integral lines of u define an unique family of ob- 
servers associated to O, that I will call the canonical ob- 




Fig. 1. At each point x, the light-rays from the observer 
(in the past and in the future) define the vectors n"*" and 
n^ . The velocity u of the observer is (non parallely) trans- 
ported to give the vectors u and b at x. 



servers associated to O. Care must be taken that they do 
necessarily not share the properties of O. For instance, 
they are not necessarily geodesic, even when O is, when 
there is expansion. Along the word lines generated by u 
we will call the proper time t, with t = t along O. 

2.3. Transport along the light-rays 

The properties of space are defined from those of the 
world-line of the observers, transported by the past and 
future light-rays. To explore them, we define the two null 
functions N-{x) and M+{x) such that the value oiN-{x) 
[resp. N+{x)] is the proper time r — (5 of the observer O, 
when it emits a light-ray reaching x [resp. r -I- 5, when it 
receives a light-ray emitted from x]. In other words the 
null hypersurface M-{x) = t [resp. A/+(a;) = t] is the fu- 
ture [resp. past] light cone of the observer at proper time 
T. We define their (null) (past and future) generators as 
h± — VA/± = dM±. Both are future directed, and nor- 
malized so that the frequency emitted or received by the 
observer is unity (see below). 
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It is easy to show that E^ is defined by the equation 
T(x) := [AA_(x) +M+{x)]/2 = r. (4) 

For any point, T constitutes a natural time-coordinate. In 
addition we define the deformed cylindric hypersurface 
R{x) := [M+{x) - M-{x)]/2 = 5 (5) 

as the set of events at a constant " proper time interval " 
5 from the observer, when he describes its world-line. We 
define the proper time interval (PT interval) 5 of an event 
X as half the observer's proper time interval between the 
instants ti = t -\- S and T2 — t ~ 5, when he receives and 
emits the light rays emitted and received by the event x. 
For any point, i? =| R | defines a natural radial space 
coordinate. 

Given the normalization above, we have 
dT = (n_ + n+)/2 and dR = (n+ - n^)/2. (6) 

It is easy to check that dT ■ dR — 0, and 
dT-dT^-dR-dR:^N-^ = n+ -71^/2, (7) 

which defines the lapse function N associated to this fo- 
liation. Since dT is orthogonal to E, we have u = N dT. 
From u^ = 1, we have N u-dT ^ 1. Since, along 0,t = T, 
this implies iV = 1 on C 

Everywhere (except on O), we define 
b:=N dR = u- N fi^^-u + N h+. (8) 

We have b^ = —1, u-b = 0, u+b = N n+ and u—b = N n^. 
Thus, 6 is a unit space like vector, tangent to E,- and, in 
some sense, pointing towards the observer O. In general, 
the vector b is not geodesic but it is chorodesic, due to the 
synchronicity property and the congruence of associated 
observers is quasi-rigid (see Bel, 1998). 

2.4- Associated observers 

The vector field u is perfectly defined everywhere and 
characterizes the family of canonical observers. This fam- 
ily defines a " kinematics " in the sense of Smarr and York 
(1978). All the relevant formalism of projectors, lapse and 
shift functions (the latter being zero here, see below), in- 
trinsic curvature, etc., applies and will be discussed in a 
forthcoming paper. 

The vector fields u and b are not transported parallely 
along the light rays {u is not parallely transported along 
itself, in general). To have a clearer view, it is convenient 
to introduce the two vector fields C/"*" and U" which are, 
by definition, parallely transported along n"*" and n~ re- 
spectively, n^.S/lf^ — 0, and which both coincide with u 
along the world line of O (FigB) . These requirements are 
sufficient to define them everywhere. Both are (time-like) 
unitary and, when O is inertial, the spherical symmetry 
allows to developed them as 
If^ = cosh(j> u + e sinh(^ b. (9) 

In the same way that we introduced the unit vector 
field b orthogonal to u and in the plane defined by the 
light-rays, we can introduce two unit vector fields -B"*" and 
B~ , orthogonal to C/+ and C/^, and in the same plane. 
What is interesting here is that the values of U~^ and B~^ , 
at any point x, depend only (via the transport along the 





Observer's 
world line 

] 




Fig. 2. The field u is not parallely transported. At each 
point X, C/+ is defined by the parallel transport of u from 
the future, i.e., by n^, U~ is defined by the parallel trans- 
port of u from the past, i.e., by n~ . 



light ray ?i+) on the velocity of the observer O at the value 
T{x) + R{x) of its proper time. For this reason, we could 
call {U+,B+) the " future frame ". Similarly, U'ix) and 
B~{x), the " past frame ", depend only on the velocity 
of O at the value T{x) — R{x) of its proper time. The 
two frames at point x are transformed into each other 
by a Lorentz rotation of (hyperbolic) angle 20 and the 
frame [u{x)^ i'i^)] is a " bisector " frame, obtained from the 
previous ones by hyperbolic rotations of angles and —<j) 
in the (n+, n~) plane: the value u{x) can be reconstructed 
as 



U+ + U~ 



(10) 



^2{1 + U+-U-) 
The geodesic equation n"*" • Vn"*" = leads to t7,+ • 
V(lnA^~^) = n+.V(/) and, after integration along the 
light-ray, 

(l){x) = -\nN(x). (11) 



Finally, U^ = [r 



N' 



ri-^) 



]/2. Note that U" may be 



used like u to construct spacelike hypersurfaces and ref- 
erence frames. For instance, Marzlin (1994) proposed a 
reference frame based on C/+, but which does not obey 
synchronicity. 

This example of a bisector frame, in relation to two 
other frames, may be extended to provide a local surface 
of synchronicity for two different observers (see Fig. 5 of Ali 
et al., 1990), useful for the study of the quantum evolution 
of two interacting particles in spacetime (Ali et al., 1990). 
This will be further developed in a subsequent paper. 

There is a closed path starting from the arbitrary point 
X, going along the light-ray n"*" to the (inertial) observer, 
then going back to the past of the observer along his world- 
line, and back to the point x along the light-ray n~ . When 
the observer is inertial, u is parallely transported along his 
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world- line, so that the transport of C/"*", then u and then 
of U~ remains parallel. This angular deficit of 2(/), along 
a closed path in the sheet V (see below) is a mark of the 
average curvature of spacetime there. 

Redshifts 

Let us consider a congruence of (non necessarily canon- 
ical) objects with velocity V{x) at the point (event) 
X in spacetime. An object at x is seen with redshift 
z+ = {n~^{x) ■ V{x))~^ by the observer (in the future) 
and sees the observer (in his past) with a redshift z^ = 
n~{x) ■ V{x). For the congruence of canonical observers, 
z+ = N{x) and z^ — N{x)^^. These observers are co- 
moving with respect to the coordinate i?, i.e., they keep a 
constant value of R. On the other hand, there is a unique 



1], 



congruence of objects for which z^ — 1 [rcsp. z 
those with velocity U^ [rcsp. U^]. 

EYames 

Since we assume that the observer is non rotating, the 
problem has a spatial axial symmetry around the direction 
of his acceleration (and even spherical symmetry if the 
observer is inertial, i.e., without acceleration). 

At each point x G Al (except on O), the two vectors 
n_|_(x) and n-{x), or u{x) and b{x), or U~^{x) and U~{x) 
define the same plane D^ in the tangent space T^. These 
planes generate a foliation with integral surfaces V (Fig.0). 
Each surface V is generated, with time, by a constant spa- 
tial direction (a, (3) from the point of view of the observer. 
In each V (itself parametrized by (a,/3)), we will use R 
as a spatial (radial) coordinate and T as a temporal coor- 
dinate. Thus any point x = {T, R,a, P). By definition, a 
light ray from [to] a point (T, R, a, (3) reaches [resp. starts 
from] the observer at proper time T + R [resp. T — R]. The 
coframe {dT, dR) has for dual frame (er := dT,eu := dji). 
These two vectors generate the surface T>. From 
<(ir,er >=<di?,ei^ >= 1, (12) 

< dR, er >=< dT, cr >= 0, 
we can show e-r = N"^ {n+ + n^)/2 — N u and eji — 
N"^ (n+ — "--)/2 — —N b. The two vectors commute and 
thus they do Lie-transport each other: er ■ 'V en = cr ■ 
V ex- This is the same for the two vectors iV^ n"*" and 
N^ n-. 

The space-like plane Cx orthogonal to all these vectors 
is tangent to the past and future light cones at this point, 
and also to the hypersurface S at this point. It is the 
tangent plane to the surface 

C = /+n/" =/+nE. (13) 

This deformed 2-sphere C{t, 5) is the set of all the points 
at equal PT-interval 6 from the observer at the moment 
r, i.e., the set of all points of the hypersurface S,- at equal 
PT-interval. Both u and b are orthogonal to C. 

We will choose two orthogonal unit space-like vectors 
63 and 64 in C (many choices are possible; since we only 
consider non rotating observers, the problem is essentially 
two-dimensional and we do not care about the choice of 63 
and 64; this will be the subject of a forthcoming paper). 




observer 



Fig. 3. At each point x, u and b are tangent to the surface 
T). The curve C (tangent to h is contained in space E7- and 
in the " cylinder " R = C*''. 



63 and 64 form a basis for C, tangent to the 2-surface C. 
Any of the previous pair with these two vectors form a 
(pseudo-ON or ON) basis of the tangent space to space- 
time. Also, n+ or n~, 63 and 64 form a pseudo-ON basis 
for the tangent space to the light cones. 

The metric 

Since u and b are orthogonal and unitary, the metric 
can be written 

ds^ =U^-b^- (6^)2 _ (e4)2 (14) 

= N^ {dT^ - dR^) - (e^f - (6^)2, 

where -(e^)^ = g^^ da^ and —{e'^Y — 9i3p dp^. Thus, N 
appears as the lapse function associated to the foliation, or 
to the congruence of associated observers (the shift vector 
being zero). Since iV = 1 at the position of O, the metric is 
locally Minkowskian for him, everywhere on his worldline. 
The usual ADM formalism allows to define time and space 
projectors, as well as the fundamental forms (metric and 
extrinsic curvature) on the surfaces Et- (see, e.g., Smarr 
and York, 1978). 

As we have said, T, R (with appropriate angular coor- 
dinates) constitute a well behaved system of coordinates 
and provide a global reference frame in A^,. Written in 
these coordinates the coefficients of the metric reduce to 
ztN'^. But A^ = 1 on O and is stationary (by spherical sym- 
metry arguments) at O if the observer is inertial. Thus, 
when the observer is inertial, T and R are normal coordi- 
nates based on any point of his world line. 
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Dbserver O 



World'line 

of the 

Langeviryobserver 




Fig. 4. For the inertial observer in Minkowski spacetime 
with arbitrary velocity (rapidity tp), space is the hyper- 
plane with inclination ^. We have drawn a curve R = C*"^ 
in this plane. 



We point out that T and R are not, in general, Gaus- 
sian normal coordinates since T is not a proper time, ex- 
cept on O (Gaussian normal coordinates cannot, in gen- 
eral, be constructed for this foliation). But they have the 
advantage that the surfaces of constant " time " T are 
global surfaces of simultaneity, although the surfaces of 
constant Gaussian normal coordinates are not (they ver- 
ify only local simultaneity). 

Now I will consider some special cases. 



3. The inertial observer in Minkowski spacetime 

The inertial observer O has zero acceleration and there is 
no cosmic expansion. Its velocity is defined by 



c, u 



0, 



where c :— cosh?/; and s :— smh-tjj, the rapidity ip being a 
constant. Its world line is a;*^ = c t, x^ ~ s t, x^ — x^ — 0. 
A light-ray passing through x reaches O at proper time r 
such that 

(a;0 -crf^ {x^ -STf + {x^f + {x^f. (15) 

For the arbitrary point x, it is convenient to define x'^ = 
A cosh. (3, x^ = A sinh/3, so that the solutions of this 
equation give 

A4= (1_6) 

A cosh(V' - (3) +e ^/A^ sinh(V' - py + {x'^y + {x^y. 
T = Acosh{i'-(3) = cx°-sx\ (17) 

R = \/A2 sinh(V' - /3)2 + (x^)^ + (x^)^ 



(18) 



= V(sa;0-ca;i)2 + (x2)2 + (x3)2, 
and iV = 1. 

The surface S,- is the plane of equation c x'^ — s x^ = 
T, inclined by ip with respect to the vertical, and thus 
orthogonal to the world line of the inertial observer. Thus, 
space is different for all inertial observers. 



Fig. 5. World's line and (cuts of) space at various mo- 
ments for the Langevin observer. Its line cone is indicated 
by the dashed lines. 

Finally, u — c dx^ — s dx^ and 

7 1 



R 



[{s x° -c x^) {s dx° - c dx^) + x^ dx"^ -f x^ dx^ 



points towards the observer at time r = T{x). In the space 
Sr (Fig-Q), it is natural to define the coordinate y :— 
~s x° + c x^ ^ y/c so that R^ = y"^ + [x'^Y + {^^Y and 
the spatial metric —ds^ = dy"^ + {dx^Y + {dx"^)"^. 

3.1. The Langevin observer in Minkowski spacetime 

It is well known that the solution of the celebrated " 
Langevin's twin paradox " lies in geometry. I define a 
Langevin observer as an inertial observer which is initially 
inertial, then suffers an instantaneous acceleration, and 
then is inertial again (Fig.g|). Such an observer is able to 
meet his twin, which remained always inertial, with a dif- 
ferent lapse of proper time. Is is often quoted (see, e.g., 
Misner et al., 1973) that it is impossible to define space 
globally for such an observer. Here I show that the syn- 
chronicity prescription applies perfectly and provides an 
unambiguous definition of space for this observer. Thus I 
define the spacetime trajectory of this observer as 



r, X 



c T,X 



0, 



for 



t < 0, 



S T,X 



0, 



for 



t >0, 



with c :~ cosh'0 and s := sinhf/'- 

The light cone of the observer at i = 0, £°, divides the 
spacetime into three parts I, II and III (see Fig.pl) corre- 
sponding to the past, future and spatially related regions 
to the acceleration point. Studying the light-rays from [to] 
the point x to [from] the observer gives the functions: 
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Region / 



f^%x) =X°+ Sy/{X^)^ + (x2)2 + {x^^ 



T{x) ^ t, R{x) = v/(a;i)2 + (a;2)2 + (a;3)2. 
Region // 



(19) 
(20) 



or 

T exp(ip/2) 
cosh(?A/2) 



-x° + x'^ tanh(V'/2). 



(30) 



s x 



This is a line inclined of "0/2 with respect to the ver- 
tical, i.e., at equal hyperbolic angle V'/2 of the two 
previous lines (Fig.H). In this line, 

2R{x) 



-x° + c x° — s x^ 



-V{^° 



~ —x^ + c x'^ 



s:ri)2-(a;0)2 + (a;i)2+a;i 



(31) 



s x^ + c x^ — s x'^ + x^. 



JVix) =c: 

+ |^(c x" - s xi)2 - (a;0)2 + {x^y + {x^y + {x^y (21) 

= c a;° - s a;i + I y/{s x" - c x'^y + (x^y + (x^y, 

T{x) = c x^ — s x"^ , 

For the observer at an arbitrary moment, space is made 

R[x) = of a plane circle S^ [or 5^^] up to the light cone £° and 

\/{c x^ — s x^y — (x^y + (x^y + (x'^y + (x^y (22) is continued by a composite surface S^^^ beyond. Except 

at the single moment when the observer experiences the 
instantaneous acceleration, space is not flat, nor homoge- 
neous. 

This is the simplest example where our prescription 
differs from the other one. As it is well known, it is im- 
possible to extend the Fermi coordinates outside the coni- 
cal regions. And no homogeneous hypersurfaces would be 
convenient. Thus, in this simple case, our prescription is 
the only one providing a reference frame associated to the 
observer valid in the whole spacetime, to extend the va- 
lidity of his proper time, and to consider unambiguous 
synchronicity procedures (a similar conclusion has been 
reached by Dolby and Gully, 2001). 



= y/{s x° -c x^y -H (a;2)2 4- {x^y 
Region /// 



AA+(a 



s X 



+v/(« 


a;0 


-ca:i)2 + (a;2)2 + (x3)2. 








-{x)^x»-^(x^y^(x^y 


+ 


WY: 


2T{x) 


= a 


:« + c x" - s a;i 






+v/(^ 


a;0 


-Cxl)2 + (x2)2 + (2;3)2 




-^(^ 


1)2 


+ (x2)2 -K (^3)2 






and 










2R{x) 


= - 


-a;° -1- c x" - s x^ 






+v/(^ 


xO 


-ca;i)2 + (a;2)2 + (a;3)2 





(23) 



(24) 



(25) 4. The Rindler observer 

The Rindler observer in Minkowski spacetime has con- 



The surface S, of equation T{x) = r defines space for ^tant acceleration a. Its velocity is defined^ by 



the observer at proper time r. Let us consider its projec- 
tion in the (a;°,a;^) plane (Fig.^: 



u" = cosh(a r), u 
with acceleration 



sinh(a r) =, u 



0, 



(32) 



Region / 



This is a straight horizontal line, where R{x) 
— Region // 



a cosh(a r) 



a 



sinh(a 



(with no loss of generality, I 



(26) 



have taken the x^ direction parallel to the acceleration). 
The world line has the equation x" — a^^ sinh(aT), x^ = 
a~^ cosh(ar), a;2 = a:3 = 0, an hyperbola in spacetime. A 



x^. 



C X 



or 



S X 



light-ray from (to) x reach the observer at proper times r 
such that 

[x°-a-i sinh(aT)]2 = \x^ -a'^ co&\{aT)f + (x?f ^{x'^f .{ii) 
(27) Since (anticipating) the solution requires (a;^)2 — (x")2 > 0, 
we can introduce the Rindler coordinates 



r/cosh?/; = a;° — tanh'f/; x^ . 



(28) 



This is a line inclined of V' with respect to the vertical, 
and thus orthogonal to the world line of the observer 
in that region. In this line. 



and 

„i . 



x^ :— a ^ exp(a ^) sinh(a r?) 
1^ exp(a ^) cosh(a 77). 



(34) 



R(x) = V(c xO - 


- s 


x^y- 


{xoy + 


{x^y 


Region /// 










2t = xO + c x" - 


- s 


x^ 






+ ^{c x'^ - s x^ 


-? 


- {xoy 


+ (xl)2 


-a;i 


= ^0 ^ ^ ^0 _ ^ 


x' 


+ c x'^ 


-sx°- 


-x\ 



4.I. The problem in two dimensions 



(29) 



I present first the problem in two dimensions, as it is usu- 
ally treated, since it is particularly simple and pedagogic. 
I further treat the complete 4-dimensional problem. 
The condition ( |33| ) becomes 

cosh(a T — a rj) = cosh(a ^), 
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OT T — 1] = ±^. It results that 

A4 = ?? + e|ei, 

and N^ = a^^ exp(2a £,) = [x^ - t'^], so that N dN ^ 

X dx — t dt = 2a~^ exp(2a £,) d£,. 

The hypersurface (hne) S^. has the equation i] — r, 

which impUes x*^ = tanhr x^, a straight hnc through 

the origin. The surfaces of constant PT-interval 6 are 

the hyperbolae of equation £^ — 5, or (x^)^ — (a;'^)^ = 

a~^ exp(2a S). 

The forms 

X dt-tdx 
dT = dT]= —j^ j^— (35) 

and 



x^-t^ 

-t dt + X dx 
x^-t^ 



dR = d^= ^,_t2 ' (36) 

so that n^ = ^4+^. 

x+e t 



4-.2. The four- dimensional problem 

The solutions of (|3^) are given by 

cosh(a rj — a t) (37) 

= cosh(a i) + a^ exp(-a i) [{x^f + {x^f]/2 := cosha ^', 

where 
exp(a C) := cosh(a $) + cxp(-a ^ a^ [(a;^)^ + (a;^)^]/2 
+ v'(cosh(a e) + exp(-a a? [(x2)2 + {x^Y]/2Y - 1 > 1, 
This implies rj — t :kS,' , and thus, 

r = 77, 

i? = e'. 

The forms 

x^ dx^ — x^ dx^ 
dT^dr]^ _ (38) 



and 



(xl)2 - (x")2 



dx*^ + x^ dx^ 



dR-d^'^dC- (^1)2 _ (^0)2 



(39) 



so that n' = ' f^+df and N^ = a~^ exp(2a £,) = [{x^)^- 
(xO)2]. 

The hypersurface S,- is the [flat] hyperplane through 
the origin of equation x° = tanhr x"'^ (it has as projection 
the line seen in the previous section) . The (spatial) metric 
on Et- is given by 
da^ = N^ dR^ + [dx'^f + [dx^f 



This calculation shows that the widely used Rindler co- 
ordinates correspond in fact to the definition of space and 
time introduced here for the accelerated observer, which 
justifies their use. This sheds some light on the Unruh ef- 
fect, which appears as a consequence of the different space- 
time splittings for the two observers (inertial and Rindler) : 
they associate different frequencies to the same state (e.g., 
the Minkowski inertial vacuum). This has led Pauri and 
Vallisneri (1999) to invoque a classical (not quantum) ori- 
gin for this effect, to be discussed further. 

5. The cosmological observer 

Turning to cosmology, I consider the Friedmann- 
Lemaitre models, i.e., spacetimes with spatial sections of 
maximal symmetry. There exists a special system of coor- 
dinates in which the metric takes the form 
ds^ = A{t])^ (dri - [da^ - S{af (da^ + sin^ a dp^)]),{A2) 
where A is the usual scale factor, the expression between 
quotes is the metric of a spatial section with maximal 
symmetry (thus IR , 5'^ or H^) and 77 is the con formal 
time. Although different systems of coordinates would be 
as well convenient, I will perform calculations with the 
coordinates (77, cr, a,/3). 

I will consider only a cosmological inertial observer 
(CIO) Oi which follows the line ct = 0. The problem 
thus preserves spherical symmetry. All light-rays consid- 
ered will be radial, and a, (3 will play no role. His proper 
time T is defined hy dr = A drj. The functions ii{t) and 
its inverse / such that /[?7(t)] := r will play an important 
role. Since 77 > 0, the CIO has a particle horizon and M.i 
is defined inside it, i.e., by a < 77. 

For the CIO, 
N,{v,a)^f[f^ + eal (43) 

2r(ry,a) = /[77 + a]+/[r;-a], (44) 

2i?(77,a)=/[r7 + a]-/[77-a]. (45) 

Differentiation gives 
n^ = A" {dri + e da), (46) 

where I have defined ^'^(77,0') := ^4(77 + e cr). Sum and 
difference lead to 

dT={A+ +A^)/2dr]+{A+ -A-)/2da (47) 

and 

dR={A+ -A-)/2dr]+{A+ +A-)/2da, (48) 

and thus 



[deMa 0? + {dx^f + {dx^) 



3\2 



(40) 



= (dxVcOSh7?)2 + (dx2)2 + (dx3)2, 

the latter form showing that its hypersurface is fiat and 
homogeneous. 

The surfaces of constant PT-interval S are given by 
C - S, or 



2 a-i cosh(a S) v^(xi)2 - {x^y 
= (xi)2-(x°)2 + (x2)2 + (a;3)2. 



N\rj,a) 



(49) 



(41) 



A+ A- 
The parallel transport of the velocity of the CIO along 

the light rays leads to 

^^ - ^ [{{A'f + A') dv + e {{A'f A') da]. (50) 



5.1. Space for the inertial cosmological observer 

Space, i.e., the surface E,-, has the equation 
/[^ + '^] + /b7-'^]-2T, witha<77, (51) 

which is not the surface rj = C**^ (except in the case with 
no expansion, where 77 = t). In other worlds, space for 
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R=1 



Space 
T=2 



Associated 
observer 
^=2 




^Igmj 



Fig. 6. Space (T = Ct) and world line of associated ob- 
servers {R = Ct) for the CIO in Einstein - de Sitter space- 
time. 



the CIO is not a spatial section with maximal symmetry: 
the cosmic expansion breaks the spatial homogeneity (al- 
though not its isotropy when the observer is inertial). The 
spatial sections rj = C*"^, sometimes quoted as ' space ' 
do not verify the synchronicity condition (they verify a 
kind of synchronicity condition, but in the conformal time 
which has no physical relevance for the observer, rather 
than in its proper time). 

Also, the cosmic expansion imprints a curvature onto 
space: even when spacetime admits spatial sections of con- 
stant curvature (like for instance flat in the Einstein - 
de Sitter case), this is not the case for the space. Space is 
limited by the horizon a = rj, or T — R. On the horizon, 
A^ -^ and thus N ^ oo. Space tends to become null 
(hght-hke). 

The PT-interval to a point of this surface is 
R = /[r; + a]/2 - f[7j - a]/2 = /[t? + a]-T. (52) 

The Einstein de Sitter model 

To check this in more detail, I consider the example of 
Einstein-de Sitter spacetime, with A{t) = t^I'^ = (?7/3)^ 
and flat spatial sections. In this case, r\(T) = 3 t^^^ and 
f{y) = [y/if. Thus, T.r has the equation (Fig.|) 
27 T = ?7 (77^+3^2), (53) 

and not r — rf /21, the equation of a flat spatial section. 



We have N{ri, a) 



= [l+%/7±i+N/7Tl]/4-The 



PT-interval to a point x \s R — ^ (3 77 + a ), different 
from the usual proper distance at time 77, namely a A{ri) — 
u'rf' 1%. Space, at the position of the observer, is orthogonal 
to its world line, as expected. 

Associated observers 

As we have seen, any observer has a class of associated 
observers. We point our that these observers are not the 
comoving observers defined by cr = C*'^, which obey the 



ated observers keep a constant PT-interval and obey the 

equation 

dR = (A+ - A-)I2 dri + {A+ +A-)/2d\a \^ 0. (54) 

An associated observer at the horizon is seen by the 
CIO with a redshift z+ ^ 00. 

Time and distances 

All measurements made by an observer, local or not, 
refer to his proper time. Thus, when a CIO considers an 
event in spacetime, the relevant time to measure dura- 
tions, or to date the event, is not t 01 rj but T defined 
above (I recall that T and t coincide on the world line of 
the CIO). 

On the other hand, the proper distance is intended to 
measure the interval between two objects considered si- 
multaneously, i.e., at a common value of time. But, again, 
no observer has access to the conformal time 77. Thus, 
simultaneity (not absolute, but only relative to the ob- 
server) must be defined not by 77 but by T as we have ex- 
plained. This leads to use the proper time distance (that 
I call differently to avoid confusion) between two objects, 
calculated by integration of the metric element, not along 
a spatial section t — C*^ (or rj — C**^), but along St, i.e.. 



dprig) = ds= N dR. (55) 

The PT-distance is thus really the distance between two 
objects in space, at a given moment for the CIO. 

Thus, for the CIO, T and R appear as convenient co- 
ordinates to measure space and time. 

5.2. Inertial observer in de Sitter spacetime 

The case of the de Sitter spacetime is particularly inter- 
esting since, because of its maximal symmetry it has been 
widely considered as a frame for quantization. As it is 
well known, it admits different slicings, with spatial sec- 
tions of constant curvature with positive, zero or negative 
signs. To each slicing corresponds a convenient system of 
coordinates. Here I chose the slicing where spatial sections 
have constant positive curvature since it covers the whole 
spacetime (de Sitter hyperboloid) . 

The metric is written as 
ds2 ^ gj^2 _ p2 (coshp-H)2 [do-2 + sin^ a dn'^] 

= A^ir]) [dr,'' - da^ - sin^ a dn% 

where the conformal time 77 = ptan^^[sinh(p^^ t)] and 

■^iv) — pI cos(77/p) {p is a constant characterizing the 

constant negative curvature of spacetime). 

The chosen CIO has proper time t = 

p sinh~ [tan(77/p)] so that f{y) :— p sinh^ [ta,n{y / p)]. 

Thus, 

A4(i,a)=plnl±^, (57) 



(56) 



where 5^ :— sin 



2T{7^,a) = p In 



C^ 

'ri-\-e\a\ 



C 



equation dT ■ 



A+-A- 



dR. On the other hand, the associ- 2-^('?' <^) - P ^^ 



p ' p 

cos{(t/p) + sm{f]/p) 

cos{a/ p) — sm{rj/ p) ' 

cos{ri/p) + sin{a/p) 

cos{ri/ p) — sm{a/ p) 



We obtain 



(58) 
(59) 
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Space for the CIO at (proper) time t is given by 
cos(cr/p)+sin(7]/p) = exp(2r/p) [cos(cr/p)-sin(77/p)]],(60) 
or 

cos{(t/p) tanh(r/p) ~ sin(p^"^ t), (61) 

which, again, is not the surface t = C**^ of constant (posi- 
tive) curvature. Thus we claim that quantization must be 
performed with this surface and its orthogonal time. This 
will be studied in a forthcoming paper. 



6. Discussion 

The prescription based on synchronicity defines space 
without ambiguity for any given observer, inertial or 
not, in arbitrary spacetime (without multi-crossing of 
null geodesies), including Minkowski spacetime and the 
Friedmann-Lemaitre models. Space is relative to the ob- 
server (it is in general different for an other observer), 
and well defined at each instant of its world line. This pro- 
vides a foliation of spacetime, valid for this observer, which 
may be interpreted as a class of canonically associated ob- 
servers or a " kinematics " of spacetime (Smarr and York 
1978). This provides also a natural reference frame, i.e., 
global space and time coordinates in the whole spacetime, 
which remains Minkowskian along the world line of the 
observer (thus, time coincides with its proper time there) 
and which is pertinent for physical measurements. In many 
cases (in particular for Rindler observers; see all references 
concerning the Rindler effect, and Sriramkumar and Pad- 
manabhan, 1999), the coordinate system introduced here 
coincides with that used in the literature with no other 
justification than being " natural " , and thus provides an 
a posteriori justification. Also, the prescription presented 
here appplies to a range wider than other reference frames. 

Application to Minkowski spacetime confirms that 
space and time differ for inertial observers with different 
velocities. It provides an unambiguous and global defi- 
nition of space and time for the Langevin observer, for 
which the other prescriptions do not apply. Applied to the 
Rindler observer (with uniform acceleration), it leads to 
space and time coordinates which coincide with the usual 
Rindler coordinates, thus providing a justification of their 
use. The corresponding interpretation of the Unruh effect 
involves the observer-dependant character of space and 
time. 

In cosmology, this prescription provides, for the iner- 
tial observer in the general Friedmann-Lemaitre model, 
an unambiguous definition of space, which does not coin- 
cide with a spatial section of maximal symmetry. Thus, 
in the Friedmann-Lemaitre models, no inertial observers 
" sees " a homogeneous space. The lack of homogeneity of 
space is due to the curvature corresponding to the expan- 
sion law. In particular, space is not fiat nor homogeneous 
(although the inertial character of the observer preserves 
its isotropy) in the Einstein - de Sitter model, sometimes 
called a " fiat universe " ! I have also calculated space for 



the inertial observer in de Sitter spacetime, which, again, 
is not a hypersurface of maximal symmetry. 

These results do not modify the cosmological formulae 
when they are expressed in a covariant form and do not 
involve a definition of space. However they change those 
interpretations of observational results, which involve a 
reference to space (like " space is homogeneous, fiat " 
etc.). This modifies also the interpretation of the usual 
proper distance: it does not appear as the proper spatial 
interval between two events occurring at the same time, 
but rather as a mixed interval between two events which 
are not synchronous for the observer which performs the 
measurement (they would be synchronous if the observer 
were using a watch indicating " conformal time " rather 
than " proper time "). Thus I introduce a " proper time- 
distance " , which represents a spatial interval between two 
events which are synchronous for the observer. It corre- 
sponds to the result of a practical measurement that the 
observer may perform with his watch indicating his proper 
time. Its value differs, in general, form the usual proper 
distance. 

This prescription for space could have important impli- 
cations for interpreting quantum effects in curved space- 
time, and/or from the point of view of non inertial ob- 
servers. Its application to the Rindler observer confirms 
the usual results of the Unruh effect, and allows a clearer 
comprehension. In other cases, the prescription adopted 
here differs from most attempts up to now, since the use 
of spatial sections with maximal symmetry (rather than 
space as defined here) does not obey the synchronicity re- 
quirements. This suggest a new examination of quantum 
effects in curved spacetime, to be discussed in a forth- 
coming paper. Also, subsequent work will explore in more 
detail the application of this procedure to observers with 
arbitrary acceleration and rotation. 

References 



Bel L., 1998, |gr-qc/9812062 

Birrel N. D. and Davis P. C. W., Quantum fields in curved 

space, Cambridge University Press 1982 
Dolby C. E. and Gully S. P., 2001, gr- qc/ 0104077 
All S. T., Antoine J. -P. and Gazeau J. -P., Ann. Inst. Henri 

Poincare, Vol. 52, n.l, 1990, p.83-111 
Landau L. and Lifshitz E., Field Theory, MIR (URSS), 1966 
Marzlin K.-P., 1994, gr- qc/ 9402010 v2 
Misner C. W., Thorne K. S. and Wheeler J. A., Gravitation, 

Freeman and co. 1973 



Pauri M. and Vallisneri M. 1999, |gr-qc/ 9903052] v2 
Smarr L. and York J. W. Jr 1978 Phys. Rev. D, 17, 10, p. 2329 
Sriramkumar L. and Padmanabhan T., 1999, gr- qc/ 9903054 
v2 



